For a family fl of subsets of an n-set X we define the trace of it on a subset Y of X by TAY) = (F n Y:F E 9). We say that (m, n) -+ (r, S) if for every fl with 1912 m we can find a Y c X 1 YI = s such that 1 Tg(Y)( > r. We give a unified proof for results of Bollobls, Bondy, and Sauer concerning this arrow function, and we prove a conjecture of Bondy and Lovasz saying ([n'/4] + n + 2, n) --t (3,7), which generalizes Turan's theorem on the maximum number of edges in a graph not containing a triangle.
INTRODUCTION
Let Sr be a family of subsets of X = { 1,2,..., n}. For a subset Y of X we set TdY) = (F 17 Y:F E y}. Note that in T& ') we take every set only once. We call T&Y) the trace of X on Y.
DEFINITION.
The arrow relation (m, n) --t (r, s) means that whenever (XI> m, we can find Y c X, ] Y( = s such that ) T&Y)] > r.
Bondy [ I] proved that (m,n)+(m,n-1) if m<n.
Bollobas (see (61) proved that (m,n)-+(m-l,n-1) if m ,< [+I.
Sauer [8] proved that S-l (m, n) -+ (2", s) if rn>C ':. ( 1  i=O l Let us remark that these bounds are easily seen to be best possible. To show the effectiveness of this theorem we now deduce from it the three results mentioned in the Introduction.
For (3) just note that a hereditary family Sr with ljr] > C;;i (7 ) necessarily contains a set Y with 1 YI = s and then ITS(Y)] = 2'. As every nonempty hereditary family contains the empty set, IF] < n implies that for some x E X the singleton {x} is not in fl, i.e., (TAX -{x})] = (fl] proving (1) . If ]sTI < [;nl, and {x} 65x for some x, then again T&X -{x)) =.F. But if jr contains the empty set and all the singletons, then there must be an x E X which is not covered by any two-element set in jr (otherwise, ]Sr] > 1 + n + /n/21 > @I]), th us by the hereditary property (x} is the only member of jT containing x, i.e., I TAX -{x])l = (xl-1, yielding (2). Let us recall Turin's theorem for graphs without triangles: THEOREM 2 (Turan [9] ). If G is a simple graph on n vertices and without a triangle (i.e., 3 edges {x, y), { y, z}, and (x, z}), then G has at most In'/41 edges.
Bondy and Lovisz conjectured that the following generalization of Turk's theorem is true:
To see that (4) generalizes Theorem 2 define for the simple graph G the family Sr(G) consisting of its edges, vertices, and the empty set. Now ] G ] > [nZ/4J yields I?(G)] > In'/41 + n + 1. Thus (4) guarantees the existence of 3 vertices x, y, z such that (Ts,G,({~, y, z})] > 7. As x(G) contains only sets of cardinality 2 or less, these 7 sets are 0, {x), (~1, {z), and the triangle (x, y), (x, z}, {y, z).
On the other hand, Theorem 3 is an immediate consequence of Theorem 1: we may assume Sr is hereditary. If it contains only sets of cardinality not exceeding 2, then (4) is just equivalent to Turin's theorem. If F Ey, (F I = 3, however, then (TdF)( = 8 > 7.
Q.E.D.
We shall apply Theorem 1 to prove the following: 
Note that for t = 1, 2, (5) yields (1) and (2) We shall use the following easy corollary (cf. [3] ). by the definition of the operation H. We infer that F n Y = Z U {i) and (F -{i)) n Y= Z are both in T&Y), proving (7) . Now summing up (7) 
THE PROOF OF THEOREM 4
By Theorem 1, we may assume indirectly that we have a hereditary counterexample F, which means that every element of X is contained in at least 2'-' members of ji-but IF\< [n(zf -1)/t\. Let L(i) be the link of i E X, that is to say, L(i) = (Es(X -(i)): (EU {i)) EF}. Now L(i) is a hereditary family with /L(i)/ > 2'-'. We want to apply the corollary of Section 2 with f(x) = l/(x + 1) as a nonincreasing function. Note that the first 2'-' sets in the antilexicographic order are just all the subsets of ( 1, 2 ,..., t -11. We infer 
